For any Lie group G, we construct a G-equivariant analogue of symplectic capacities and give examples when G = T k × R d−k , in which case the capacity is an invariant of integrable systems. Then we study the continuity of these capacities, using the natural topologies on the symplectic G-categories on which they are defined.
Introduction
In the 1980s Gromov proved the symplectic non-squeezing theorem [9] . This influential result says that a ball of radius r > 0 can be symplectically embedded into a cylinder of radius R > 0 only if r R. This led to the first symplectic capacity, the Gromov radius, which is the radius of the largest ball of the same dimension which can be symplectically embedded into a symplectic manifold (M, ω). Symplectic capacities are a class of symplectic invariants introduced by Ekeland and Hofer [6, 11] .
In this paper we give a notion of symplectic capacity for symplectic G-manifolds, where G is any Lie group, which we call a symplectic G-capacity, and give nontrivial examples. Such a capacity retains the properties of a symplectic capacity (monotonicity, conformality, and an analogue of non-triviality) with respect to symplectic G-embeddings. Symplectic capacities are examples of symplectic G-capacities in the case that G is trivial. In analogy with symplectic capacities, symplectic G-capacities distinguish the symplectic G-type of symplectic G-manifolds. As a first example we construct an equivariant analogue of the Gromov radius where G = R k as follows. Let Symp 2n,G denote the category of 2n-dimensional symplectic G-manifolds. That is, an element of Symp 2n,G is a triple (M, ω, φ) where (M, ω) is a symplectic manifold and φ : G × M → M is a symplectic G-action. Given integers 0 k m n we define the (m, k)-equivariant Gromov radius 
(M, ω, φ) → sup{ r > 0 | B 2m (r)
where R k − − → denotes a symplectic R k -embedding and B 2m (r) ⊂ C m is the standard 2m-dimensional ball of radius r > 0 with R k -action given by rotation of the first k coordinates. , where vol(E) denotes the symplectic volume of a subset E of a symplectic manifold, B 2n is the standard symplectic unit 2n-ball, Symp 2n,T n T is the category of 2n-dimensional symplectic toric manifolds, and a toric ball packing P of M is given by a disjoint collection of symplecticly and T n -equivariantly embedded balls. In analogy we define the semitoric packing capacity , the category of semitoric manifolds [20] , where P in (2) is replaced by a semitoric ball packing of M (Definition 5.2). The continuity of symplectic capacities is discussed in [2, 3, 6, 27] . The semitoric and toric packing capacities are each defined on categories of integrable systems which have a natural topology [15, 18] , but we can only discuss the continuity of the (m, k)-equivariant Gromov radius on a subcategory of its domain which has a topology, so we restrict to the case of (m, k) = (n, n). The T n -action on a symplectic toric manifold may be lifted to an action of R n . Let Symp 2n,R n T be the symplectic category of symplectic toric manifolds each of which is endowed with the R n -action obtained by lifting the given T n -action which is a subcategory of Symp 2n,R n .
Theorem 1.3 (Continuity of capacities). The following hold:
(i) The toric packing capacity T : Symp 2n,T n T → [0, ∞] is everywhere discontinuous and the restriction of T to the space of symplectic toric 2n-dimensional manifolds with exactly N fixed points of the T n -action is continuous for any choice of N 0;
(ii) The semitoric packing capacity ST : Symp In Section 2 we give a general notion of symplectic G-capacities and we prove that the (m, k)--equivariant Gromov radius is a capacity. In Section 3 we review facts about Hamiltonian actions and their relation to integrable systems that will be needed in the remainder of the paper. Sections 4 and 5 are devoted to constructing nontrivial symplectic G-capacities when G = T k × R d−k , which include the toric and semitoric packing capacities. In Sections 6 and 7 we discuss the continuity of these symplectic G-capacities.
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Symplectic G-capacities
For n 1 and r > 0 let B 2n (r) ⊂ C n be the 2n-dimensional open symplectic ball of radius r and let Z 2n (r) = { (z i ) n i=1 ∈ C n | |z 1 | < r } be the 2n-dimensional open symplectic cylinder of radius r. Both inherit a symplectic structure from their embedding as a subset of C n with symplectic form ω 0 = i 2 n j=1 dz j ∧ dz j . We write B 2n = B 2n (1), Z 2n = Z 2n (1) , and use → to denote a symplectic embedding.
Symplectic capacities
Let Symp 2n be the category of symplectic 2n-dimensional manifolds with symplectic embeddings as morphisms. A symplectic category is a subcategory C of Symp 2n such that (M, ω) ∈ C implies (M, λω) ∈ C for all λ ∈ R \ {0}. Let C ⊂ Symp 2n be a symplectic category. The following fundamental notion of symplectic invariant is due to Ekeland and Hofer. If additionally B 2n , Z 2n ∈ C and c satisfies:
then c is a symplectic capacity.
Symplectic G-capacities
Let G be a Lie group and let Sympl(M ) denote the group of symplectomorphisms of the symplectic manifold (M, ω). A smooth G-action φ :
) is a symplectic embedding for which there exists an automorphism Λ :
in which case we say that ρ is a symplectic G-embedding with respect to Λ. We write G − → to denote a symplectic G--embedding. We denote the collection of all 2n-dimensional symplectic G-manifolds by Symp 2n,G . The set Symp 2n,G is a category with morphisms given by symplectic G-embeddings. We call a subcategory
When the symplectic form and G-action are understood we often write c(M ) for c(M, ω, φ). Let c be a generalized symplectic G-capacity on a symplectic G-category C G . Definition 2.3. For (N, ω N , φ N ) ∈ C G we say that c satisfies N -non-triviality or is non-trivial on
Definition 2.4. We say that c is tamed by (N, ω N , φ N ) ∈ Symp 2n,G if there exists some a ∈ (0, ∞) such that the following two properties hold:
The non-triviality condition in Definition 2.1 requires that B 2n , Z 2n ∈ C G and 0 < c(B 2n ) c(Z 2n ) < ∞, and tameness encodes this second condition without necessarily including the first one. If c is a generalized symplectic G-capacity on C G ⊂ Symp 2n,G we define
A generalized symplectic G-capacity gives rise to a decomposition of Symp 2n,G .
Proposition 2.5. Let c be a generalized symplectic G-capacity on a symplectic G-category C G . Then: In light of item (c) we view Symp 2n,G tame (c) as an extension of the set of elements of Symp 2n,G on which c is non-trivial to include those elements outside of the domain of c.
Symplectic
This action induces actions of
and Z 2n , which in turn induce the standard actions of T k × R d−k on B 2n and Z 2n for k d. The action of an element of T k × R d−k is the action of its image under the quotient map
In the following we endow B 2n and Z 2n with the standard actions.
if it is tamed by B 2n and Z 2n .
A first example
The Gromov radius c B : Proof of Proposition 1.1. Parts (1) and (2) 
Since Λ is an automorphism η j 0 = 0 for some j 0 ∈ {1, . . . , k}. Pick
with entries all zero except in the j th 0 position and such that |w j 0 | > 1. Let u = (u 1 , . . . , u n ) = ρ(w) and note
and since ρ is injective and η j 0 = 0 this means that u 1 = 0. Let
where α is in the j th 0 position and
Equation (3) implies that ρ(∂S B ) = ∂S Z and since ρ is an embedding this means ∂(ρ(S B )) = ∂S Z . Since ρ(S B ) and S Z have the same boundary, ω Z is closed, and Z 2n has trivial second homotopy group,
Finally, integrating over z we have i 2
This implies that 1 < |w j | = |u 1 | < 1, which is a contradiction.
It follows from the proof that c m,k
. . , n, are the standard height and angle coordinates. Let R k , 1 k n, act on M by rotating the first k components. Then
for all m, k ∈ Z with 1 k m n.
is a symplectic R n -embedding, so c n,n B (M ) √ 2. Fix k, m, n ∈ Z satisfying 0 < k m n and let ρ : B 2m (r)
Every point in A R , except at the identity, has the same (k
and consider coordinates (r, θ) on A R given by (re iθ , 0, . . . , 0) → (r, θ). For i = j 0 this means that H i is constant if i k and the R n -equivariance of ρ implies that H i and Θ i are independent of θ if i > k. Thus if i ∈ {1, . . . , n} and i = j 0 then
for R ∈ (0, r). Therefore,
for any R ∈ (0, r). This implies that r
for any k, m, n ∈ Z satisfying 0 < k m n. Example 2.8. For k, n ∈ Z >0 with k < n let M = Z 2n with the standard symplectic form. There are two natural ways in which R k can act symplectically on M given by
where
. . , z k , z k+2 , . . . , z n similar to the map shown in Figure 1 . The map ρ is well-defined because |z 1 | < 1 and it is an R k -equivariant diffeomorphism because
for all t 1 , . . . , t k ∈ R. Thus the symplectic R k -manifolds (M, ω, φ 1 ) and (M, ω, φ 2 ) are symplectomorphic via the identity map and R k -equivariantly diffeomorphic via ρ but they are not R kequivariantly symplectomorphic because c 
In this section we review the facts we need for the remainder of the paper about Hamiltonian (T k × R n−k )-actions and their relation to toric and semitoric systems. Let (M, ω) be a symplectic manifold and G a Lie group with Lie algebra Lie(G) and dual Lie algebra Lie(G) * . A symplectic G-action is Hamiltonian if there exists a map µ : M → Lie(G) * , known as the momentum map, such that
for all X ∈ Lie(G) where X M denotes the vector field on M generated by X via the action of G. A Hamiltonian G-manifold is a quadruple (M, ω, φ, µ) where (M, ω, φ) is a symplectic G-manifold for which the action of G is Hamiltonian with momentum map µ. Let Ham 2n,G denote the category of 2n-dimensional Hamiltonian G-manifolds with morphisms given by symplectic G-embeddings which intertwine the momentum maps. Given f : M → R the associated Hamiltonian vector field is the vector field X f on M satisfying ω(X f , ·) = −df . Definition 3.1. An integrable system is a triple (M, ω, F ) where (M, ω) is a 2n-dimensional symplectic manifold and F = (f 1 , . . . , f n ) : M → R n is a smooth map such that f 1 , . . . , f n pairwise Poisson commute, i.e. ω(X f i , X f j ) = 0 for all i, j = 1, . . . , n, and the Hamiltonian vector fields (X f 1 ) p , . . . , (X fn ) p are linearly independent for almost all p ∈ M .
Let I 2n denote the set of all 2n-dimensional integrable systems and define an equivalence relation ∼ I on this space by declaring (M, ω, F ) and (M , ω , F ) to be equivalent if there exists a symplectomorphism φ :
Hamiltonian R
n -actions and integrable systems Let (M, ω, F = (f 1 , . . . , f n )) be an integrable system and for i = 1, . . . , n let ψ t i : M → M denote the flow along X f i . The Hamiltonian flow action φ F :
, defines a Hamiltonian R n -action on M . The action of G on M is almost everywhere locally free if the stabilizer of p is discrete for almost all p ∈ M . Let FSymp 2n,R n be the space of R n -manifolds on which the action of R n is Hamiltonian and almost everywhere locally free and let ∼ R n denote equivalence by R n -equivariant symplectomorphisms.
Lemma 3.2. Let X 1 , . . . , X n be vector fields with commuting flows on an m-manifold M , with n m. Let R n act on M by φ((t 1 , . . . , t n ), p) = ψ
where ψ t i is the flow of X i . Then, for p ∈ M , the vectors (X 1 ) p , . . . , (X n ) p ∈ T p M are linearly independent if and only if the stabilizer of p under the action φ is discrete.
Proof. If (X 1 ) p , . . . , (X n ) p are linearly independent then, since they have commuting flows, there is a chart (U, g), with U ⊂ M and g :
is an open neighborhood of the identity in R n and there exists no non-zero point in g(U ) which fixes p, so the stabilizer of p under the action of R n is discrete. On the other hand, if (X 1 ) p , . . . , (X n ) p are linearly dependent, there exist t 1 , . . . , t n ∈ R not all zero such that
. . , αt n ) ∈ R n fixes p for all α ∈ R and so the stabilizer of p is not discrete. Proposition 3.3. Let ψ be the map which takes an integrable system on M to M equipped with its Hamiltonian flow action. Then
Proof. By Lemma 3.2 we know that the Hamiltonian flow action must be almost everywhere locally free because the Hamiltonian vector fields of an integrable system are by definition independent almost everywhere. Next suppose that R n acts Hamiltonianly on M in such a way that the action is almost everywhere locally free. Since the action is Hamiltonian there exists a momentum map
Lie(R n ) * → R n is the standard identification which is induced by the standard basis {e 1 , . . . , e n } of R n . These functions Poisson commute because action by the components of R n commute and are linearly independent at almost all points because the group action is almost everywhere locally free (Lemma 3.2). Thus, (M, ω, F ) is an integrable Hamiltonian system as in Definition 3.1. Let {v 1 , . . . , v n } be the standard basis of Lie(R n ) ∼ = R n induced by the standard basis of R n . Let v M denote the vector field on M generated by v ∈ Lie(R n ) via the action of G. Then µ,
which means that the Hamiltonian vector field associated to f i is (v i ) M . Thus the Hamiltonian flow action related to F is the original action of R n .
Here we fix the identification between Lie(T n ) * and R n that we will use for the remainder of the paper. We specify our convention by choosing an epimorphism from R to T 1 , which we take to be x → e 2 √ −1x .
Hamiltonian T k -actions
Atiyah [1] and Guillemin-Sternberg [10] proved that if (M, ω, φ, µ) is a compact connected Hamiltonian T k -manifold, then µ(M ) ⊂ Lie(T k ) * is the convex hull of the image of the fixed points of the T k -action. The case in which k = n and the torus action is effective enjoys very special properties, and in such a case (M, ω, φ, µ) is called a symplectic toric manifold, or a toric integrable system. An isomorphism of such manifolds is a symplectomorphism which intertwines their respective momentum maps. We denote by Ham 2n,T n T the category of 2n-dimensional symplectic toric manifolds with morphisms as symplectic T n -embeddings and we denote equivalence by toric isomorphism by ≈ T . In general being an invariant is weaker than being monotonic, but in the case of toric manifolds these are equivalent because symplectic T n -embeddings between toric manifolds are automatically T n -equivariant symplectomorphisms. Delzant proved [5] that in this case µ(M ) is a Delzant polytope, i.e. simple, rational, and smooth, and that
is a bijection, where P T denotes the set of n-dimensional Delzant polytopes. Let Ham 2n,T n → Symp 2n,T n be given by (M, ω, φ, µ) → (M, ω, φ) and let Symp
Hamiltonian (S 1 × R)-actions
We say that an integrable system (M, ω, F = (J, H) : M → R 2 ) is a semitoric integrable system or semitoric manifold if (M, ω) is a 4-dimensional connected symplectic manifold, J is a proper momentum map for an effective Hamiltonian S 1 -action on M , and F has only non-degenerate singularities which have no real-hyperbolic blocks (see [21, Section 4.2.1]). A semitoric integrable system is simple if there is at most one singular point of focus-focus type in . The number of focus-focus singular points of an integrable system must be finite [23] , and we denote it by m f .
Invariant of focus-focus singularities
It is proven in [22] that the structure in the neighborhood of a fiber over a focus-focus point is determined by a Taylor 
Affine and twisting-index invariants
Denote the set of rational polygons in R 2 by Polyg(R 2 ). For λ ∈ R let λ denote the set of (x, y) ∈ R 2 such that x = λ, Let Vert(R 2 ) denote the collection of all λ as λ varies in R. Let π i : R 2 → R denote the projection onto the i th coordinate for i = 1, 2. Notice that elements of Polyg(R 2 ) can be non-compact. A labeled weighted polygon of complexity m f ∈ Z 0 is an element
We denote the space of labeled weighed polygons by LWPolyg(R 2 ). Let
and for v 1 , . . . , v n ∈ Z n let det(v 1 , . . . , v n ) denote the determinant of the matrix with columns given by v 1 , . . . , v n .
The top boundary of ∆ ∈ Polyg(R 2 ) is the set ∂ top ∆ of (x 0 , y 0 ) ∈ ∆ such that y 0 is the maximal y ∈ R such that (x 0 , y) ∈ ∆. A point p ∈ ∂∆ is a vertex of ∆ if the edges meeting at p are not co-linear. Let p be a vertex of ∆ and let u, v ∈ Z 2 be primitive vectors directing the edges adjacent to p ordered so that det(u, v) > 0. Then we say that: -p satisfies the Delzant condition if det(u, v) = 1; Figure 2 : The complete invariant of a semitoric system is a collection of these objects.
-p satisfies the hidden condition if det(u, T v) = 1; -p satisfies the fake condition if det(u, T v) = 0.
We say that ∆ has everywhere finite height if ∆ ∩ λ is either compact or empty for all λ ∈ R. A primitive semitoric polygon of complexity
(1) ∆ has everywhere finite height; (2) j = +1 for all j = 1, . . . , m f ; (3) any point in ∂ top ∆ ∩ λ j for j = 1, . . . , m f satisfies either the hidden or fake condition (and is referred to as either a hidden corner or a fake corner, respectively); (4) all other corners satisfy the Delzant condition, and are known as Delzant corners. The set of primitive semitoric polygons is denoted by Polyg ST (R 2 ) 0 .
For
where T is as in Equation (4). For λ ∈ R and k ∈ Z let t k λ : R 2 → R 2 denote the map which acts as the identity on the left of the line λ and acts as T k relative to an origin placed arbitrarily on the line λ to the right of λ . Now
We define the action of an element of G m f × G on a labeled weighted polygon by
where λ = (λ 1 , . . . , λ m f ) and
. This action may not preserve the convexity of ∆ but it is shown in [20, Lemma 4.2] that the orbit of a primitive semitoric polygon consists only of elements of LWPolyg(R 2 ).
Definition 3.4 ([20])
. A semitoric polygon is the orbit under G m f × G of a primitive semitoric polygon.
The collection of semitoric polygons is denoted by Polyg
The corners of any element of [∆] are identified as hidden, fake, or Delzant similar to the case of the primitive semitoric polygon.
Volume invariant
For each j = 1, . . . , m f we let h j denote the height of the image of the j th focus-focus point from the bottom of the semitoric polygon. Formally, this amounts to h 1 , . . . , h m f ∈ R satisfying 0 < h j < length(π 2 (∆ ∩ λ j )) for each j = 1, . . . , m f .
Classification
Semitoric systems are classified by the invariants we have just reviewed. That is, the complete invariant of a semitoric system is an integer m f , m f Taylor series, a collection of m f real numbers, and a labeled weighed semitoric polygon. A single element of this orbit is shown in Figure 2 . The complete invariant is an infinite family of such labeled weighted polygons, formed by a countably infinite number of subfamilies of size 2 m f each parameterized by ∈ {−1, +1} m f ( Figure 3 ). 
4. the volume invariant: a collection of real numbers h 1 , . . . , h m f ∈ R such that 0 < h j < length(π 2 (∆ ∩ λ j )) for each j = 1, . . . , m f .
Let I denote the collection of all semitoric lists of ingredients. In [20] the authors prove that semitoric manifolds modulo isomorphisms are classified by semitoric lists of ingredients, that is,
is a bijection.
Symplectic T n -capacities
In this section we construct a symplectic T n -capacity on the space of symplectic toric manifolds. Recall Ham 2n,T n T /≈ T is the moduli space of 2n-dimensional symplectic toric manifolds up to T n --equivariant symplectomorphisms which preserve the moment map. In [7, 16, 17, 19 ] the authors study the toric optimal density function Ω : Ham 2n,T n T /≈ T → (0, 1], which assigns to each symplectic toric manifold the fraction of that manifold which can be filled by equivariantly embedded disjoint open balls. This function is not a capacity because it is not monotonic or conformal. Next we study a modified version of this function which is a capacity.
For M ∈ Symp 2n,T n by a T n -equivariantly embedded ball we mean the image φ(B 2n (r)) of a symplectic T n -embedding φ : B 2n (r) disjoint union P = α∈A B α where B α ⊂ M is a symplecticly and T n -equivariantly embedded ball in M for each α ∈ A, where A is some index set. That is, for each α ∈ A there exists some r α > 0 and some symplectic T n -embedding φ α : B 2n (r α )
An example is shown in Figure 4 . Recall the toric packing capacity T : Symp (2) . In the following for M ∈ Symp 2n,T n let c n,n B (M ) be defined by first lifting the action of T n on M to an action of R n and applying the usual c n,n B to the resulting symplectic R n -manifold. , N ∈ Symp 2n,T n be such that the T n -action on N has ∈ Z 0 fixed points. If there is a symplectic T n -embedding M
Proof. Since the center of B 2n (r), r > 0, is a fixed point of the T n -action we see that the maximal number of such balls that can be simultaneously equivariantly embedded with disjoint images into M is the Euler characteristic χ(M ) of M , which is the number of fixed points of the T n -action on M .
Each of these balls has radius at most c n,n B (M ). For r > 0 we have that vol(B 2n (r)) = r 2n vol(B 2n ). Therefore
Since T n -embeddings send fixed points to fixed points and M 
is the standard 2n -norm, and P M ( r) ⊂ M is the toric ball packing of M in which B 2n (r j ) is embedded at the j th fixed point of M for j = 1, . . . , χ(M ). Suppose that ρ : B 2n (r)
T n − − → M is a symplectic T n -embedding into (M, ω, φ) for some r > 0. Then for any λ ∈ R \ {0} the map ρ λ : B 2n (|λ| r)
is a symplectic T n -embedding into (M, λω, φ). Thus if P M ( r) is a toric packing of (M, ω, φ) then P M (|λ| r 1 , . . . , |λ| r χ(M ) ) is a toric ball packing of (M, λω, φ) for any λ ∈ R \ {0}. This and the fact that λr 2n = |λ| r 2n for all r ∈ R χ(M ) and λ ∈ R imply that T is conformal. Now suppose that M, M ∈ Symp 2n,T n T and ρ : M T n − − → M . If P ⊂ M is a toric ball packing of M then ρ(P ) ⊂ M is a toric ball packing of M of the same volume so T (M ) T (M ) and we see that T is monotonic. Finally, suppose that there is a symplectic T n -embedding M T n − − → Z 2n . Then, since Z 2n has only one point fixed by the T n -action and recalling that c n,n B (Z 2n ) = 1, it follows from Lemma 4.1 that
Finally, suppose that ρ : B 2n T n − − → M is a symplectic T n -embedding. Then P = ρ(B 2n ) ⊂ M is a toric ball packing of M and thus
Hence T is tame.
. In [17] it is shown that there exists a Z-valued function Emb M : R 0 → [0, n!χ(M )] such that the homotopy type of the space of symplectic T n -embeddings from B 2n (r) into M is given by the disjoint union of Emb M (r) copies of T n . Thus, for each r ∈ R 0 we may define a symplectic T n -capacity E r on Symp 2n,T n T given by
Since Emb M is invariant up to T n -equivariant symplectomorphisms [17] and symplectic embeddings in Symp 2n,T n T are automatically symplectomorphisms we see that E r is monotonic and it is an exercise to check that it is conformal. It is tame because the space of symplectic T n -embeddings of B 2n into Z 2n is homotopic to n! disjoint copies of T n .
Symplectic (S 1 × R)-capacities
In this section we construct a symplectic (S 1 × R)-capacity on the space of semitoric manifolds. Let (M, ω, F = (J, H)) be a simple semitoric manifold with m f focus-focus singular points and let
j=1 ⊂ R be the image under J of these points ordered so that λ 1 < λ 2 < . . . < λ m f . Let (λ j , y j ) be the image under F of the j th focus-focus singular point and for ∈ {±1} let λ j be those
is a straightening map for M [23] if for some choice of ∈ {±1} m f we have the following: f | F (M )\ is a diffeomorphism onto its image; f | F (M )\ is affine with respect to the affine structure F (M ) inherits from action-angle coordinates on M and the affine structure f (F (M )) inherits as a subset of R 2 ; f preserves J, i.e. f (x, y) = (x, f (2) (x, y)); f | F (M )\ extends to a smooth multi-valued map from F (M ) to R 2 such that for any c = (x 0 , y 0 ) ∈ we have
and the image of f is a rational convex polygon. Recall that T is the matrix given in Equation (4). We say f is associated to .
Let T ⊂ AGL 2 (Z) be the subgroup including powers of T composed with vertical translations. It was proved in [23] that a semitoric system (M, ω, F ) has a straightening map f : M → R 2 associated to each ∈ {±1} m f , unique up to left composition with an element of T. Define
If V a : R 2 → R 2 denotes vertical translation by a ∈ R, then
where a polygon is associated to M if it is an element of the affine invariant of M . Up to vertical translations the set F M is the orbit of a single non-unique function under the action of
Corollary 5.1. The manifold M has on it a momentum map for a Hamiltonian T 2 -action unique up to G. Thus M ∈ Symp 4,T 2 and the given T 2 -action is unique up to composing the associated momentum map with an element of G.
We call such actions of T 2 on M induced actions of T 2 . Given any ρ : N → M with ρ(N )
Let (M, ω, F ) be a semitoric manifold. A semitoric ball packing of M is a disjoint union P = α∈A B α where B α ⊂ M is a semitoricly embedded ball in M . The semitoric packing capacity
.
In order to show that ST is a (S 1 × R)-capacity we need the following lemmas.
thus f 1 and ρ * f 2 differ by a constant. Proof. Since ρ is S 1 × R-equivariant there exists Λ ∈ Aut(S 1 × R) such that ρ(φ(g, m 1 )) = φ(Λ(g), ρ(m 1 )) for all g ∈ S 1 × R and m 1 ∈ M 1 . Associate S 1 × R with R/Z × R and give it coordinates (x, y) ∈ R 2 . Then Λ ∈ Aut(S 1 × R) and Λ continuous means that Λ descends from a linear invertible map from R 2 to itself, which we will also denote Λ ∈ GL 2 (R). Write Λ = (Λ ij ) for Λ ij ∈ R and i, j ∈ {1, 2}. The automorphism Λ sends the identity to itself so Λ n 0 ∈ Z × {0} for all choices of n ∈ Z. This implies that Λ 11 ∈ Z and Λ 21 = 0. Since Λ is invertible and Λ −1 ∈ Aut(S 1 × R) we see that (Λ 11 ) −1 ∈ Z and so Λ 11 = ±1. Since Λ is invertible and upper triangular we know that Λ 22 = 0.
For a function f : M i → R let X f denote the associated Hamiltonian vector field on M i , i = 1, 2. Also, for v ∈ g = Lie(S 1 × R), thought of as the tangent space to the identity, let v M i denote the vector field on M i generated by v by the group action. Endow g with the coordinates (α, β) so that the exponential map will send (α, β) ∈ g to (α, β) ∈ R/Z × R. Now notice that X J 1 = (1, 0) M 1 and
Similarly we see that ρ * X H 1 = Λ 12 X J 2 + Λ 22 X H 2 . By Lemma 5.3 this implies that
Recalling that Λ 11 ∈ {±1} and Λ 11 , Λ 22 = 0 take e = (
, and b = (Λ 22 ) −1 to complete the proof. 
Continuity of symplectic T n -capacities
In this section we study the continuity of the symplectic T n -capacity constructed in Section 4. We will outline the procedure used in [18] to construct a natural metric on the moduli space of toric manifolds. Since Ψ : Ham 2n,T n T /≈ T → P T is a bijection we can define a metric space structure on Ham 2n,T n T /≈ T by defining a metric on P T and pulling it back via Ψ. A natural metric on P T is given by the volume of the symmetric difference. For A, B ⊂ R n let A * B = (A\B)∪(B \A) denote the symmetric difference and let λ denote the Lebesgue measure on R n . For ∆ 1 ,
In [18] the authors show that (Ham
is a non-locally compact non-complete metric space.
The map Ham is continuous, whereĉ is defined by the following commutative diagram:
Next we define an operation on Delzant polytopes. Let n ∈ Z >0 . For x 0 ∈ R n , w 1 , . . . , w n ∈ Z n , and ε > 0 define
Suppose that ∆ ∈ P T and x 0 ∈ R n is a vertex of ∆. Let u i ∈ Z n , i = 1, . . . , n, denote the primitive vectors along which the edges adjacent to x 0 are aligned. The ε-corner chop of ∆ at x 0 is the polygon ∆ ε x 0 ∈ P T given by ∆ ε x 0 = ∆ ∩ H ε x 0 (u 1 , . . . , u n ) where ε is sufficiently small so that ∆ ε x 0 has exactly one more face than ∆ does as is shown in Figure 5 . One can check that if ∆ ∈ P T Figure 5 : An ε-corner chop at a vertex x 0 of ∆ for some ε > 0.
then ∆ ε x 0 ∈ P T . Notice that lim ε→0 d P (∆, ∆ ε x 0 ) = 0. This means that given any element of P T with N vertices, corner chopping can be used to produce other polygons which are close in d P and all polygons produced in this way will have more than N vertices. Let P N T denote the set of Delzant polygons in R n with exactly N vertices. We will later need the following.
Proposition 6.1 ([7]
). Let N ∈ Z >0 and ∆ ∈ P N T . Any sufficiently small neighborhood of ∆ is a subset of ∪ (N N ) P N T .
We study ball packing problems about symplectic toric manifolds by instead studying packings of the associated Delzant polygon. Let ∆ ∈ P T be a Delzant polytope. Let AGL n (Z) = GL n (Z) R n denote the group of affine transformations in R n with linear part in GL n (Z). For r > 0 let ∆(r) = Conv{ re 1 , . . . , re n , 0 } \ Conv{ re 1 , . . . , re n } where Conv(E) denotes the convex hull of the set E ⊂ R n and { e 1 , . . . , e n } denote the standard basis vectors in R n . Following [16] , a subset Σ of ∆ is an admissible simplex of radius r > 0 with center at a vertex x 0 of ∆ if there exists some A ∈ AGL n (Z) such that: (1) A(∆(r 1 /2 )) = Σ; (2) A(0) = x 0 ; (3) A takes the edges of ∆(r 1 /2 ) meeting at the origin to the edges of ∆ meeting at x 0 . An admissible packing of ∆ is a disjoint union R = α∈A Σ α ⊂ ∆ where each Σ α is an admissible simplex for ∆. This is illustrated in Figure 6 . The half-plane H ε x 0 given in Equation (7) is designed so that that an ε-corner chop on a Delzant polytope corresponds to the removal of an admissible simplex of radius ε.
The function Ω : Symp
known as the optimal toric density function, has been studied in [7, 16, 19] . In particular, in [7] the first and third authors of the present article studied the regions of continuity of Ω and proved the n = 2 case of Theorem 1.3 part (i). They stated the theorem in terms of Ω, while we state it in terms of T . Let vol : Symp 2n,T n T → R denote the total symplectic volume of a symplectic toric manifold and let vol P : P T → R denote Euclidean volume function of a polytope in R n . Let (B 2n (r), ω B , φ B , µ B ) ∈ Ham 2n,T n T denote the standard ball of radius r > 0 in C n with the standard action of T n and suppose that (M, ω, φ, µ) ∈ Ham 2n,T n T . Let ∆ B = µ B (B 2n (r)) and ∆ = µ(M ). Then, as shown in [16] , vol(M ) = n!π n vol P (∆) and if f : B 2n (r)
and let ∆ = µ(M ). Suppose φ : B 2n (r) → M is a symplectic T n -embedding for some r > 0. Then µ(φ(B 2n (r))) ⊂ ∆ is an admissible simplex of radius r 2 . Conversely, if Σ ⊂ ∆ is an admissible simplex of radius r 2 then there exists a symplectic T n -embedding φ : B 2n (r) → M such that µ(φ(B 2n (r))) = Σ.
Moreover, if P is a toric ball packing of M , then µ(P ) ⊂ ∆ is an admissible packing of ∆. Conversely, if R is an admissible packing of ∆ then there exists a toric ball packing P of M such that µ(P ) = R.
Since there is a toric ball packing P of M related to an admissible packing R of ∆ by µ(P ) = R, it follows that vol(P ) = n!π n vol P (R). To study packing of the manifold we will study packing of the polygon. Thus, we define π T : P T → (0, ∞) by π T (∆) = sup{ vol P (R) | R is an admissible packing of ∆ }.
Suppose that ∆ ∈ P N T with vertices v 1 , . . . , v N ∈ R n and let π i T (∆) be the supremum of vol P (R) over all admissible packings R of ∆ in which v i / ∈ R. The following result generalizes [7, Theorem 7 .1] to the case n 3. Theorem 6.3. Fix n ∈ Z >0 . For N ∈ Z 1 and let P N T denote the set of Delzant polygons in R n with exactly N vertices. Then:
1. π T is discontinuous at each point in P T ;
2. the restriction π T | P N T is continuous for each N 1; 3. if ∆ ∈ P N T then P N T is the largest neighborhood of ∆ in P T in which π T is continuous if and only if π i T (∆) < π T (∆) for all 1 i N .
Proof. First we show (1). Let ∆ ∈ P N T and for any small enough ε > 0 perform an ε-corner chop (as in Section 6) at each corner to produce ∆ ε ∈ P 2N
T . Any admissible packing of ∆ ε can have at most 2N simplices and each simplex must have one side with length at most ε while the other sides are universally bounded by the maximal side length of ∆. The size of such simplices decreases to zero as ε does, so lim ε→0 π T (∆ ε ) = 0. Hence
so π T is discontinuous at ∆. Now we prepare to show part (2). For any v 1 , . . . , v n ∈ Z n let [v 1 , . . . , v n ] denote the n × n integer matrix with i th column given by v i for i = 1, . . . , n. Let η : SL n (Z) → GL n (R) given by
take a nonsingular integer matrix to its column normalization. Notice for any
Suppose ∆ ∈ P T is n-dimensional. In a neighborhood around each vertex the polytope is described by a collection of vectors v 1 , . . . , v n ∈ Z n with det(v 1 , . . . , v n ) = 1 along which the edges adjacent to this vertex are directed. So, associated to any vertex of a Delzant polytope, there is a matrix A ∈ SL n (Z) given by A = [v 1 , . . . , v n ] which is unique up to even permutations of its columns and thus, though A is not unique, the values determined by det(A) and det(η(A)) associated to a vertex are well-defined. Fix ∆ ∈ P N T and
For j large enough for each vertex V of ∆ there must be a corresponding vertex V j of ∆ j so that V j → V as j → ∞. Let A ∈ SL n (Z) be a matrix corresponding to V and let A j ∈ SL n (Z) be a matrix corresponding to V j for j ∈ Z large enough. In particular, convergence in d P , which is convergence in L 1 (R n ), implies that locally these vertices must converge, so Equation (8) implies that lim
Now we are ready to prove (2) by showing that the collection of possible vertices of Delzant polytopes is discrete. Fix ∆ ∈ P N T with a vertex V at the origin and let ε > 0. Choose δ > 0 small enough so that if ∆ ∈ P N T with a vertex V at the origin then d P (∆, ∆ ) < δ implies that
where A ∈ SL n (Z) is a matrix associated to V and A ∈ SL n (Z) is a matrix associated to V . Suppose that ε < det(η(A)). Now let A = [w 1 , . . . , w n ] for w i ∈ Z n , i = 1, . . . , n. These are all nonzero integer vectors so |w i | 1 for i = 1, . . . , n. For each i we have
and so by Equation (9)
Thus each w i ∈ Z n has length at most (det(η(A)) − ε) −1 , a value which does not depend on ∆ , and so to be within δ of ∆ the vectors directing the edges coming out from the vertex V of ∆ must be chosen from only finitely many options. This means the set of possible local neighborhoods of vertices is discrete. Thus, for small enough δ > 0 we conclude that d P (∆, ∆ ) < δ implies that there exist open sets U, U ⊂ R n around the vertices V and V such that
where F c : R → R is a translation by some fixed c ∈ R n . Now, let ∆ ∈ P N T be any Delzant polytope in R n with N vertices. In a sufficiently small d P -neighborhood of ∆ all polytopes must have the same angles at the finitely many vertices by the argument above. Thus they are all related to ∆ by translating its faces in a parallel way, which continuously changes π T . This proves (2) because π T is continuous on such families.
Finally we show (3). Let ∆ ∈ P N T and assume that π T (∆) = π i T (∆) for some i ∈ {1, . . . , N }. Then there is an optimal packing of ∆ which avoids the i th vertex. For ε > 0 let ∆ ε ∈ P N +1 T be the ε-corner chop of ∆ at the i th vertex. Since the optimal packing of ∆ avoids the i th vertex, we see that lim ε→0 d P (∆, ∆ ε ) = 0 and lim ε→0 π T (∆) = π T (∆ ε ) so there is a set larger than P N T on which π T is continuous around ∆.
Conversely assume that ∆ ∈ P N T satisfies π i T (∆) < π T (∆) for all i = 1, . . . , n. By Proposition 6.1 we know that any small enough neighborhood of ∆ only includes polytopes with N vertices and polytopes with more than N vertices, which are produced from corner chops of ∆. We must now only show that π T cannot be continuous on any neighborhood of ∆ which includes any such polygons. For ε > 0 let ∆ ε ∈ P N +1 T be the ε-corner chop of ∆ at the i th vertex. Then lim ε→0 π T (∆ ε ) = π i T (∆) < π T so for small enough corner chops π T (∆ ε ) is bounded away from π T (∆). Thus any set on which π T is continuous around ∆ cannot include any corner chops of ∆. From this we conclude that any such set cannot include polytopes with greater than N vertices¿ The result follows since is continuous on all of P N T . 
Continuity of symplectic (S 1 × R)-capacities
In this section we study the continuity of the symplectic (S 1 × R)-capacity constructed in Section 5.
In [15] the second author defines a metric space structure on the moduli space of simple semitoric systems and in this section we will review this structure. We are only interested in the topology of Symp Let us recall how the metric is constructed, since it is essential for the proofs of the upcoming results. One has a metric for every invariant (Definition 3.5) and then [15] constructs a "joint" metric from these. The first metric is the one on the Taylor series invariants, which is given as follows. A sequence {b n } ∞ n=0 with b n ∈ (0, ∞) is said to be linear summable if ∞ n=0 nb n < ∞. Let {b n } be any such sequence and define d
We denote the Lebesgue measure by λ and use * to denote the symmetric difference. A measure ν on R 2 is admissible if it is in the same measure class as λ (i.e. ν λ and λ ν) and there exists some g : R → R such that the Radon-Nikodym derivative of ν with respect to λ satisfies dν dλ (x, y) = g(x) for all x, y ∈ R, where g is bounded and bounded away from zero. Fix an admissible measure ν. For m f ∈ Z 0 and k ∈ Z m f let Polyg
ST (R 2 ) 0 denote the set of primitive semitoric polygons with complexity m f and twisting index k and let Polyg m f , k ST (R 2 ) denote the set of semitoric polygons which are the orbit of a primitive semitoric polygon in Polyg An admissible semitoric packing of ∆ w is a disjoint union R = α∈A Σ α where each Σ α is an admissible simplex of some radius, where the radii of the simplices are allowed to be different.
Such a simplex cannot exist at a fake corner. 
Lemma 7.2 ([17]
). Let F B be a momentum map for the usual T n -action on B 2n (r), r > 0, and let (M, ω, φ, F ) be a Hamiltonian T n -manifold of dimension 2n. If ρ : B 2n (r) → M is a symplectic T nembedding with respect to some Λ ∈ Aut(T n ) then there exists some x ∈ R n such that the following diagram commutes:
where (Λ t ) −1 + x is the affine map with linear part (Λ t ) −1 which takes 0 to x.
In [13] a proper Hamiltonian T n -manifold is a quadruple (Q, ω Q , F Q , Γ) where (Q, ω Q ) is a connected 2n-dimensional symplectic manifold with momentum map F Q for an action of T n and Γ ⊂ Lie(T n ) * is an open convex subset with F Q (Q) ⊂ Γ and such that F Q is proper as a map to Γ. A proper Hamiltonian T n -manifold is centered about p ∈ Γ if p is an element of each component of F Q (Q K ) for each subgroup K ⊂ T n , where Q K is the set of all points in Q which are fixed by the action of all elements of K. We use Lemma 7.2 and Lemma 7.3 to prove the following. Proposition 7.4. Let (M, ω, F = (J, H)) be a semitoric manifold such that
) is primitive with associated momentum map F ∈ F M such that F (M ) = ∆. Then:
1. Suppose ρ : B 4 (r) → M is a semitoric embedding for some r > 0. Then F (ρ(B 4 (r))) ⊂ ∆ is an admissible semitoric simplex with radius r 2 . Conversely, if Σ ⊂ ∆ is an admissible semitoric simplex with radius r 2 then there exists a semitoric embedding ρ : B 4 (r) → M such that F (ρ(B 4 (r))) = Σ.
2. Let P be a semitoric ball packing of M . Then F (P ) ⊂ ∆ is an admissible packing of ∆ w . Conversely, if R is an admissible packing of ∆ w then there exists a semitoric ball packing P of M such that F (P ) = R.
Proof. Part (2) follows from Part (1) since the semitoric simplices associated to disjoint semitoricly embedded balls are disjoint. This follows from the fact that F −1 (p) is a 2-dimensional submanifold of M for any regular point p ∈ ∆ and the embedded balls are 2-dimensional. Suppose that B ⊂ M is a semitoricly embedded ball of radius r > 0. Then for some ∈ {−1, +1} m f the map ρ : B 4 (r) → M is a T 2 -embedding with respect to some Λ ∈ Aut(T 2 ). Recall M is a Hamiltonian T 2 -manifold and denote a momentum map for this action by F . Let p = F (ρ(0)) and let ∆ = F (M ). Hence by Lemma 7.2 the diagram
commutes for some x ∈ Lie(T 2 ) * . Since Λ is an automorphism so is (Λ t ) −1 , hence it sends the weights of the isotropy representation of T 2 on T 0 (B 4 (r)) to the weights of the isotropy representation on T p M . Since (Λ t ) −1 is linear and ∆ B is the convex hull of the isotropy weights of the representation on T 0 (B 4 (r)) and the origin, we find that
is the convex hull of p, p + r 2 α 1 , and p + r 2 α 2 , minus the convex hull of p + r 2 α 1 and p + r 2 α 2 , where α 1 and α 2 are the weights of the isotropy representation of T 2 on T p M . For u = N, ω N , F N , Γ) is centered about p ∈ R 2 by Lemma 7.3 we conclude that N is equivariantly symplectomorphic to
It follows that there exists a symplectic T 2 -embedding ρ : B 4 (r) → M with image N so F (ρ(B 4 (r))) = F (N ) = Σ.
Define the optimal semitoric polygon packing function
It is well-defined because any two primitive semitoric polygons in the same orbit are related to one another by a transformation in G m f × G which sends semitoric packings to semitoric packings and preserves volume.
Definition 7.5. We call α ∈ (0, π) a smooth angle if it can be obtained as an angle in a Delzant polygon.
Equivalently, α ∈ (0, π) is smooth if and only if it is the angle at the origin of A α (∆(1)) for some A α ∈ SL 2 (Z).
Lemma 7.6. The set of smooth angles is discrete in (0, π) ⊂ R.
Proof. Fix a smooth angle α ∈ (0, π) and fix some ε > 0 small enough so that (α −ε, α +ε) ⊂ (0, π). Let B ε (α) = { β ∈ (0, π) | β is a smooth angle and |α − β| < ε } and let δ ε > 0 be such that if β ∈ B ε (α) then |sin(α) − sin(β)| < δ ε . Now fix any β ∈ B ε (α). This means there exists some A β ∈ SL 2 (Z) such that β is the angle at the origin of ∆ = A β (∆(1)). Let 1 , 2 ∈ R denote the lengths of two edges of the simplex ∆ which are adjacent to the vertex at the origin. These each represent the magnitude of a vector in Z n so i 1 for i = 1, 2. By the choice of δ ε we have that sin(β) > sin(α) − δ ε . Since ∆ has area 1 /2 we know that
and so for i = 1, 2 we conclude that 1 = 1 2 sin(β) i sin(β) which implies that
Therefore associated to each β ∈ B ε (α) there is a pair of vectors in Z 2 each with length less than (sin(α) − δ ε ) −1 , a value which does not depend on β. There are only finitely many such vectors.
The proof of Lemma 7.6 is taken from the proof of [7, Theorem 7 .1] and is a two-dimensional version of the strategy used in Theorem 6.3. Let α ∈ (0, π) be called a hidden smooth angle if it can be obtained as a hidden corner in a primitive semitoric polygon.
Corollary 7.7. The set of hidden smooth angles is discrete in (0, π) ⊂ R.
It is important to notice that a sequence of smooth angles can approach π. This must be the case, for example, if a semitoric polygon has infinitely many vertices. where Φ is as in Equation (5).
Recall H ε p (v) defined in Equation (7). The following are two operations which can be performed on [∆ w ] to produce a new element of Polyg ST (R 2 ) 0 .
). Let p ∈ ∆ be a vertex and let v 1 , v 2 ∈ Z 2 be the primitive inwards pointing normal vectors to the two edges which meet at p ordered so that
If p is a Delzant vertex of ∆ w then the ε-corner chop of ∆ w at p is the primitive semitoric polygon ∆
Similarly, given [∆ w ] we say that [∆ p,ε w ] is the ε-corner chop of [∆ w ] at p. Suppose p is a hidden corner of ∆ w and thus there exists j ∈ { 1, . . . , m f } such that p ∈ λ j . The ε-hidden corner chop of ∆ w at p is the primitive semitoric polygon
We say that [∆ 
Proof. The angles of non-fake corners are discrete by Lemma 7.6 and Corollary 7.7. This means that there exists a neighborhood of [∆ w ] in which all elements which have N non-fake vertices must have all of the same angles as [∆ w ]. This is the open neighborhood described in the Lemma. Any semitoric polygon with fewer non-fake vertices than [∆ w ] is bounded away from [∆ w ] because the only ways to change the number of non-fake vertices are a corner chop or introducing a smooth angle into an edge of infinite length but by Lemma 7.6 smooth angles are discrete. Proof. Primitive semitoric polygons must have at least one non-fake vertex. Let w ] be a semitoric polygon which has a small corner chop at each non-fake vertex such that, at each vertex in I i for i ∈ Z 1 , the largest possible admissible simplex that can fit into that vertex has volume at most ε /(N i S i+1 ). Then an admissible packing R of [∆ ε w ] satisfies
Therefore lim It can be shown that ST rad is a (S 1 × R)-capacity in the same way that it was shown that ST is a (S 1 × R)-capacity. Recall that Symp 2n,R n T is the symplectic R n -category which is the collection of toric manifolds with their T n -action lifted to an R n -action. Let Symp 2n,R n T,N denote those systems with exactly N points fixed by the R n -action. By repeating the proofs of the continuity results Theorem 1.3 part (i), Proposition 6.4, Theorem 1.3 part (ii), and Proposition 7.13 we immediately have the following result, that yields Theorem 1.3 part (iii). Remark 7.16. There are many examples of classical symplectic capacities (see for instance [3] ), and it would be of interest to adapt these capacities to the equivariant category. It would also be useful to construct symplectic G-capacities for more general integrable systems. In particular, integrable systems where a complete list of invariants is not known (that is, the vast majority).
